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Magnetic-edge magnetoplasmons (MEMPs) are obtained for a two-dimensional electron system
(2DES) with atop semi-infinite metallic gate, at a distance d, and atop semi-infinite ferromagnetic
film at a strong perpendicular magnetic field. For two most fast MEMPs, one with positive chirality
and other with negative chirality, a strong spatial dispersion, due to effect of metallic half-plane gate,
is obtained; some slower MEMPs manifest spatial dispersion too. Present MEMPs are localized at
the magnetic-edge that is close to the wedge of metallic half-plane gate; the metallic wedge enhances
localization of MEMPs at magnetic-edge. Obtained spatial dispersion has unconventional form. In
particular, for two most fast MEMPs the phase velocities, ω/kx, are the linear polynomials on the
wave vector kx in the long-wavelength region, kxd  1. Strong effect of the ferromagnetic film
hysteresis on the MEMPs phase velocities and their anti-crossings are obtained for 0 < kxd ≤ 1.
Two MEMPs of opposite chirality, especially two most fast MEMPs, at some resonance frequency
can create a resonance circuit, with closed wave path along a fraction of the magnetic edge perimeter,
with a total change of the wave phase given by an integer of 2pi.
PACS numbers: 73.21.-b, 75.75.-c, 73.20.Mf, 73.43.Lp
I. INTRODUCTION
Different types of ”density gradient” edge magneto-
plasmons (EMPs) have been studied for (conventional)
2DES [1–17] subjected to a strong homogeneous mag-
netic field; for a discussion of previous publications, e.g.,
see [1]. These EMPs appear due to a strong change of
the stationary local electron density at the edge of the
channel (in particular, in the vicinity of edge states) that
induces a strong modulation of the local magnetoconduc-
tivity tensor; modulation of the nondiagonal components
is especially important [1, 2, 5, 8, 9, 13]. In addition,
EMPs in graphene have attracted attention recently [18–
25].
As a rule, EMPs are studied at a long-wavelength re-
gion kxaEM  1, [1, 4–10, 13] where aEM is a finite
characteristic scale; it is understood that another char-
acteristic scale 1/kx, related with the wavelength 2pi/kx,
also is involved. Typically aEM is the characteristic lo-
calisation, along y, for a charge density of the most fast
EMP; for different models of EMPs the value of aEM can
be quite different as well as the physical picture involved
[1, 5, 8–10, 13]. For a homogeneous sample without the
gate, in the long-wavelength region, only the fundamen-
tal EMP (the only EMP in the model of Ref. [1]; no-
tice, this EMP in Ref. [5] is called as the conventional
edge magnetoplasmon mode) shows spatial dispersion as
a weak logarithmic dependence of the phase velocity [1–
3, 5, 8, 9, 13] on kx, ω/kx ∝ ln(1/kxaEM ). In addition,
∗Electronic address:ogbalev@ufam.edu.br
here the phase velocities of the rest of EMPs are inde-
pendent of kx and smaller [5, 8, 9, 13]. Often, these
dispersionless modes are called as acoustic EMPs [5]. If
a plane metallic gate is present at a distance d from the
2DES then all EMPs are dispersionless for kxd  1, as
their phase velocities are independent of kx [6, 8, 9, 13].
Recently,[26, 27] the chiral modes in the homogeneous
2DES (localized at z = 0 plane in GaAs based sam-
ple, with a very thing homogeneous nonmagnetic metallic
gate above it, at z = d) induced by ”magnetic gradient”
have been obtained theoretically. Laterally inhomoge-
neous strong magnetic field within the plane of 2DES
appears due to ferromagnetic semi-infinite film (y ≤ 0)
of a finite thickness, located atop of the gate. Named as
magnetic-edge magnetoplasmons (MEMPs), these modes
are localized, along the y−direction, on the characteristic
scale d in a vicinity of y = 0; i.e., in the principal region
of magnetic field inhomogeneity [26, 27]. For kxd 1 all
these MEMPs show acoustic dispersion [26, 27]. I.e., for
a plane metallic gate all MEMPs are dispersionless in the
long-wavelength region. Notice, any MEMPs are absent
if a strong magnetic field applied to 2DES is spatially
homogeneous [26, 27].
In present study we consider the effect on MEMPs by
a half-plane metallic gate (HPMG), at (y < 0, z = d).
Schematic view of the model geometry, otherwise similar
to the one of Refs. [26, 27], is shown in Fig. 1. Here
2DES, at z = 0, is embedded in GaAs based sample,
with the dielectric constant ε, that occupies a half-space
z < d. As the semi-infinite gate, i.e., HPMG, is assumed
very thin it is not shown explicitly in Fig. 1. 2DES is
subjected to a strong laterally inhomogeneous magnetic
field B(y) = B(y)zˆ, which appears due to ferromagnetic
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2semi-infinite film of a finite thickness ηd. A strong exter-
nal spatially homogeneous magnetic field Bext = Bextzˆ
is applied as well.
Qualitative and strong quantitative effects of HPMG
on some MEMPs are obtained. In particular, a
strong spatial dispersion of unconventional form, for two
MEMPs of opposite chirality, is obtained for kxd 1.
Figure 1: (Color online) Sketch of model geometry: 2DES, at
z = 0, is embedded in a dielectric medium. The ferromagnetic
semi-infinite film is located at y < 0, d < z < d(1+η); HPMG,
at y < 0, z = d, is not shown.
In Sec. II we present further attributes of the model for
MEMPs in 2DES with half-plane atop metallic gate and
then the advanced attributes of the model and pertinent
basic relations. Then in Sec. III we present results for
spatial dispersion of MEMPs, effect of hysteresis, anti-
crossings. In Sec. IV we make concluding remarks.
II. MAGNETIC-EDGE MAGNETOPLASMONS
FOR HALF-PLANE GATE: FORMALISM
A. Model attributes: Introduction
It is assumed that for any actual spatially homoge-
neous (in particular, zero) effective magnetic field B ap-
plied to 2DES, we have spatially homogeneous 2DES
of a constant area density nI as well as the ions jel-
lium background with the same area density, nI . Spa-
tially inhomogeneous effective magnetic field B(y) is as-
sumed as a smooth function of y, with the characteris-
tic scale ∆y. Comparing the perturbation of the elec-
tron density due to spatially inhomogeneous magnetic
field from its unperturbed value nI , it follows that the
density of 2DES is very weakly modified if the Bohr
radius aB  2∆y and the quantum magnetic length
`0(y)  2∆y; aB = h¯2/m∗e2, `0(y) =
√
h¯c/|e|B(y),
where m∗ is an effective mass of 2D electrons. Below we
assume that these conditions are satisfied and, respec-
tively, the static electron density is taken as nI .
We assume, cf. with Fig. 1, a constant magnetic mo-
ment for the ferromagnetic semi-infinite film M0 = M0zˆ;
M0 > 0 if otherwise is not stated. Then readily it follows
[26, 28] that
B(y) = Bext−2M0{arctan(Y )−arctan(Y/(1+η))}, (1)
where Y = y/d; i.e., in present study ∆y = d. Point
out that in Eq. (1) in the SI units M0 is changed on
µ0M0/(4pi). Notice, in experiments with GaAs-based
2DES the values of d and ηd can be ∼ 100nm [29]. Ex-
ternal spatially homogeneous magnetic field Bext > 0, if
otherwise is not stated, is applied as well.
We assume that the low-frequency, ω  ωc, and the
long-wavelength, kx`0(y)  1, conditions are satisfied.
Then the wave current density in the quasi-static ap-
proximation (e.g., cf. with Ref. [8, 9, 30]) is given as
jx(y) = σxx(y)Ex(y)− σ0yx(y)Ey(y),
jy(y) = σyy(y)Ey(y) + σ
0
yx(y)Ex(y), (2)
where we have suppressed the exponential factor
exp[−i(ωt − kxx)]; arguments ω, kx in jµ(y), Eµ(y) are
omitted, to simplify notations. We will neglect by a dis-
sipation assuming a clean 2DES and sufficiently low tem-
peratures T .
In the absence of metallic gates and for homogeneous
background dielectric constant ε, using Eq. (1), the Pois-
son equation and the linearized continuity equation, we
obtain for the wave charge density ρ(ω, kx, y) the integral
(cf. with Ref. [8, 9, 30]) equation
−iωρ(ω, kx, y)− i2
ε
{kx d
dy
[σ0yx(y)]}
×
∫ ∞
−∞
dy′K0(|kx||y − y′|)ρ(ω, kx, y′) = 0, (3)
where G(0)(kx, y − y′, z = 0; z′ = 0) = (2/ε)K0(|kx||y −
y′|) is the Fourier transform over the coordinate Ξ =
x− x′ of the Green function at (x, y, z = 0) for the unit
charge localized at (x′, y′, z′ = 0); K0(x) is the modified
Bessel function. In the model of Refs. [26, 27] is assumed
that in addition to the semi-infinite magnetic film, a very
thin infinite metallic nonmagnetic film of the thickness
 d is places on the top of the sample at a distance d
from the 2DES. Then the kernel K0 in Eq. (3) is replaced
by
R(1)g (|y − y′| , kx; d) = K0(|kx||y − y′|)
−K0(|kx|
√
(y − y′)2 + 4d2), (4)
here the Green function G(1)(kx, y − y′, z = 0; z′ = 0) =
(2/ε)R
(1)
g (|y − y′|, kx; d) .
In present model HPMG is a half-plane metallic non-
magnetic film of negligible thickness. Besides HPMG and
the plane of 2DES the rest of space presents dielectric
background with spatially homogeneous dielectric con-
stant ε. Henceforth the ferromagnetic semi-infinite film
is taken as a dielectric too, with dielectric constant ε.
B. Basic Relations and Advanced Attributes of the
Model
For the present model, with HPMG, we obtain the
integral equation for MEMPs, cf. with Eq. (14) of Ref.
3[27], as
Wρ(ω, kx, X)− g0(X)f0(X)
∫ 1
−1
dX ′
×G˜(2)(kx; d tan(pi
2
X), z = 0; d tan(
pi
2
X ′), z′ = 0)
× (pi/2)
cos2(piX ′/2)
ρ(ω, kx, X
′) = 0, (5)
where W = ω/(kxv0) is the dimensionless phase velocity
and its sign corresponds to the chirality of a wave, i.e.,
W > 0 (W < 0) for positive (negative) chirality if v0 >
0. Here v0 = |e|cnI/(εB0) is a characteristic velocity
of the problem with B0 = B
2
ext/(4M0). Further, X =
2
pi arctan(Y ) [X
′ = 2pi arctan(Y
′)] is a new variable that
change from −1 to 1 as Y [Y ′] changes from −∞ to ∞,
g0(X) = { 1 + η
(1 + η)2 + tan2(piX/2)
− 1
1 + tan2(piX/2)
}
(6)
is a dimensionless gradient of B(y), and the factor
f0(X) = {1− 2M0
Bext
[
pi
2
X − arctan( 1
1 + η
tan(
pi
2
X))]}−2.
(7)
Point out that g0(X) is the symmetric function of X as
function f0(X) is neither symmetric nor antisymmetric.
Here G˜(2)(kx; y, z = 0; y
′, z′ = 0) ≡ (ε/2)G(2)(kx; y, z =
0; y′, z′ = 0), where G(2)(kx; y, z = 0; y′, z′ = 0) is the
Fourier transform, over the coordinate Ξ = x − x′, of
the Green function at z = 0 plane (of 2DES) for the unit
charge localized at (x′, y′, z′ = 0). In what follows we will
use notations ∆ϕ(kx, X,X
′) ≡ G˜(2)(kx; d tan(pi2X), z =
0; d tan(pi2X
′), z′ = 0), and
∆ϕ(kx, X,X
′) =
∫ ∞
0
dξ cos(kxd ξ)∆˜ϕ(ξ,X,X
′), (8)
where dimensionless variable ξ = Ξ/d is introduced. Us-
ing the analytical solution for the electric potential po-
tential of the point charge nearby the wedge of conduct-
ing half-plane in a vacuum, e.g., see [31], we straightfor-
wardly obtain that
∆˜ϕ(ξ,X,X
′) =
1
pi
{
[ξ2 + (tan(
pi
2
X ′)− tan(pi
2
X))2]−1/2
× arccos[−cos(pi(X
′ −X)/4)
cosh(χ/2)
]
−
[
ξ2 + 4 + (tan(
pi
2
X ′)− tan(pi
2
X))2
]−1/2
× arccos[ sin(pi(X
′ +X)/4)
cosh(χ/2)
]
}
, (9)
where
eχ =

 ξ2 + 2 + tan2(pi2X ′) + tan2(pi2X)
2
√
1 + tan2(pi2X
′)
√
1 + tan2(pi2X)
2 − 1

1/2
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Figure 2: (Color online) Dimensionless phase velocity W =
ω/kxv0 as function of kxd at a long-wavelength region 0.1 ≥
kxd > 0 for η = 1, 2M0/Bext = 0.5, Bext = 0.6T, v0 > 0.
Figs. 2(a), 2(b), and 2(c) show: (a) four fastest MEMPs
among the modes with the positive (negative) chirality, (b)
zoom for the fastest MEMP with the negative chirality, and
(c) zoom for the fastest MEMP with the positive chirality.
+
ξ2 + 2 + tan2(pi2X
′) + tan2(pi2X)
2
√
1 + tan2(pi2X
′)
√
1 + tan2(pi2X)
. (10)
For kx → 0 we also obtain ∆ϕ(kx = 0, X,X ′) in the
form different from the integral form of Eq. (8). It is
given as
∆ϕ(kx = 0, X,X
′) = −<{ln[
(tan(pi2X)− i)1/2 − (tan(pi2X ′)− i)1/2
(tan(pi2X)− i)1/2 + (tan(pi2X ′) + i)1/2
]}
= (11)
−1
2
ln
{
(Z+(X)− Z+(X ′))2 + (Z−(X)− Z−(X ′))2
(Z+(X) + Z+(X ′))2 + (Z−(X)− Z−(X ′))2
}
,
where Z±(t) = [2
√
tan2(pit/2) + 1 ± 2 tan(pit/2)]1/2.
Point out, Eq. (11) is equivalent to Eq. (8) for kx = 0.
From Eqs. (5)-(9) it follows that a solution of the
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Figure 3: (Color online) Dimensionless phase velocity W as
function of kxd at a wide region 1.0 ≥ kxd > 0 for parameters
of Fig. 2. Figs. 3(a) and 3(b) show four fastest MEMPs
among the modes with the negative and the positive chirality,
respectively.
integral equation Eq. (5) is not either symmetric or an-
tisymmetric. We look for a solution of Eq. (5) in the
form
ρ(ω, kx;X) = g0(X)f0(X){
N0∑
n=0
an(ω, kx) [cos(npiX)
−1
2
δn,0
]
+
2N0+1∑
n=N0+1
an(ω, kx) sin [(n−N0)piX]}, (12)
which for N0 → ∞ is exact as pertinent basis of the
orthonormal functions becomes complete.
For a finite N0, Eq. (12) is an expansion over the set
of (N0 + 1) symmetric and (N0 + 1) antisymmetric or-
thonormal functions. Now Eq. (5) we reduce to the sys-
tem of 2(N0+1) linear homogeneous equations. The first
(N0 + 1) equations, for m = 0, 1, 2, ..., N0, are obtained
by multiplying Eq. (5) on cos(mpiX)/[g0(X)f0(X)] and
then integrating over X,
∫ 1
−1 dX..., as follows
Wam − {
N0∑
n=0
rm,nan +
2N0+1∑
n=N0+1
rm,nan} = 0, (13)
The other (N0 + 1) equations, for m = N0 + 1, N0 +
2, ..., 2N0 + 1, are obtained after multiplying Eq. (5)
by sin [(m−N0)piX] /(g0(X)f0(X)) and then integrating
over X. As a result we obtain the system of equations
that formally can be obtained from Eq. (13) by perti-
nent change in the values of m. Finally, the system of
2(N0 + 1) linear homogeneous equations is given as
Wam −
2N0+1∑
n=0
rm,nan = 0, (14)
where m,n = 0, 1, 2, 3, ..., 2N0 + 1. The matrix elements
rmn = I
(1)
mn for (m ≤ N0, n ≤ N0), rmn = I(2)mn for (m ≥
N0 + 1, n ≤ N0), rmn = I(3)mn for (m ≤ N0, n ≥ N0 + 1),
rmn = I
(4)
mn for (m ≥ N0 + 1, n ≥ N0 + 1) are given by
Eqs. (A1)-(A4) in Appendix A, where, in particular, an
integral over X (X ′) from −1 to 1 is transformed to the
interval from 0 to 1.
For a nontrivial solution Eq. (12) the determinant
of the 2(N0 + 1) × 2(N0 + 1) matrix of Eq. (14) must
be equal to zero. This gives 2(N0 + 1) dispersion rela-
tions for dimensionless phase velocities W = Wj(kx), j =
1, 2, ..., 2(N0+1) of the first 2(N0+1) MEMPs branches.
These dispersion relations readily can be rewritten in a
more usual form ω = ωj(kx). Then, e.g., for N0 = 1 the
first four MEMPs are obtained and for N0 = 2 we will
obtain the first six MEMPs, however, only two of them
are new modes as other four solutions give previously ob-
tained four MEMPs with better precision. With further
increase in N0 we will calculate, in particular, these first
four MEMPs too, noteworthy, with fast growing preci-
sion.
III. SPATIAL DISPERSION OF
MAGNETIC-EDGE MAGNETOPLASMONS.
EFFECT OF A HYSTERESIS
A. Magnetic edge magnetoplasmons for Bext > 0,
M0 > 0 and Bext < 0, M0 < 0
1. Magnetic edge magnetoplasmons for Bext > 0, M0 > 0
In Fig. 2(a) we present the dispersion relations for
dimensionless phase velocities, W = Wj(kx), of four
fastest MEMP modes |W (n)1 | > |W (n)2 | > ... > |W (n)4 |
with the negative chirality, W < 0, and of four fastest
MEMP modes with the positive chirality, W
(p)
1 > W
(p)
2 >
... > W
(p)
4 > 0. Fig. 2 is plotted for η = 1.0, and
2M0/Bext = 0.5; the latter for Bext = 0.6T implies that
M0 = B
2
ext/(4B0) = 3/20T for B0 = 0.6T. Fig. 2(b)
presents a zoom of the dispersion relation W
(n)
1 (kx) ≈
0.53 kxd − 1.417 and it is seen that W (n)1 (kx) very close
follow the linear dependence, on kx; according to Fig.
2(a), the rest three MEMPs of the negative chirality have
negligible spatial dispersion in present long-wavelength
region as their W
(n)
j (kx) , j = 2, 3, 4, are practically in-
dependent of kx. Fig. 2(c) presents a zoom of the disper-
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Figure 4: (Color online) Dimensionless group velocity Wg as
function of kxd at a long-wavelength region 0.1 ≥ kxd > 0 for
the eight waves of Fig. 2; η = 1, 2M0/Bext = 0.5, Bext =
0.6T.
sion relation W
(p)
1 (kx) ≈ −2.03 kxd+ 0.727 which rather
closely follow the linear dependence on kx; in addition, it
is much steeper than in Fig. 2(b). The rest of MEMPs
with the positive chirality W
(p)
j (kx), j = 2, 3, 4, in Fig.
2(a) have an essential spatial dispersion of qualitatively
the same form as W
(p)
1 (kx), however, with much smaller
dependence on kx. Results for MEMPs presented in Fig.
2 (and other figures of the work) correspond to a very
good convergence for used N0 = 11; here from the 24×24
matrix system of equations we obtain 24 MEMPs.
Point out that here without the ferromagnetic film
(with the same direction of Bext) for a usual type of
the edge at y = 0, due to a monotonic decrease of the
electron density for increasing y, it follows [5, 30] that
W < 0 for all EMPs; i.e., the EMPs have the same neg-
ative chirality as present W
(n)
i MEMPs.
In Fig. 3a and Fig. 3b we present the dispersion re-
lations, W = Wj(kx), for eight MEMPs shown in Fig.
2a at a wider region 1.0 ≥ kxd > 0. It is seen in Fig.
3b that W
(p)
1 (kx) for 1 ≥ kxd  0.1 essentially changes
its dependence on kx from a linear one to approximately
∝ k−1x , however, in Fig. 3a the changes for W (n)1 (kx)
are rather small. In addition, Fig 3a shows that only
at kxd ∼ 1 velocities W (n)j (kx) , j = 2, 3, 4, become a
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Figure 5: (Color online) Dimensionless group velocity Wg as
function of kxd at 1.0 ≥ kxd > 0 for parameters of Fig. 2.
Fig. 5(a) and Fig. 5(b) show MEMPs with the negative and
the positive chirality.
weakly dependent on kx.
In Fig. 4(a) and Fig. 4(b) we present dimensionless
group velocity, Wg(kx) = d ωj(kx)/(v0dkx), for MEMPs
shown in Fig. 3(a) and Fig. 3(b), at the long-wavelength
region 0.1 ≥ kxd > 0. In addition, in Fig. 5(a) and
Fig. 5(b) we present dimensionless group velocity, Wg,
for MEMPs shown in Fig. 3(a) and Fig. 3(b), at a wide
region 1.0 ≥ kxd > 0.
In Fig. 6 for η = 2 we plot the same dependences
as in Fig. 2 for parameters that coincide, except of
η, with those of Fig. 2. In Fig. 6(a) we present
the dispersion relations for the dimensionless phase ve-
locities, W = Wj(kx), of four fastest MEMP modes
|W (n)1 | > |W (n)2 | > ... > |W (n)4 | of the negative chirality
and of four fastest MEMP modes of the positive chiral-
ity, W
(p)
1 > W
(p)
2 > ... > W
(p)
4 > 0. Fig. 6(b) and Fig.
6(c) present a zoom of the dispersion relation W
(n)
1 (kx) ≈
0.89 kxd − 2.183 and W (p)1 (kx) ≈ −4.00 kxd + 1.271, re-
spectively.
In Fig. 7(a) and Fig. 7(b) we present the dispersion
relations, W = Wj(kx), for eight MEMPs shown in Fig.
6(a) at a wider region 1.0 ≥ kxd > 0. It is seen in Fig.
7(b) that W
(p)
1 (kx) for 1 ≥ kxd 0.1 essentially changes
its dependence on kx from the one for kxd 1. However,
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Figure 6: (Color online) Dimensionless phase velocity W as
function of kxd at a long-wavelength region 0.1 ≥ kxd > 0
for η = 2, 2M0/Bext = 0.5, Bext = 0.6T. Figs. 6(a), 6(b),
and 6(c) show: (a) four fastest MEMPs among the modes
with the positive (negative) chirality, (b) zoom for the fastest
MEMP with the negative chirality, and (c) zoom for the
fastest MEMP with the positive chirality.
in Fig. 7(a) the changes for W
(n)
1 (kx) are rather small
so it is still well approximated as W
(n)
1 (kx) ≈ 0.89 kxd−
2.183 in a wide region 1.0 ≥ kxd > 0. In addition, Fig.
7(a) shows that only at kxd ∼ 1 velocities W (n)j (kx) ,
j = 2, 3, 4, become a weakly dependent on kx.
In Fig. 8(a) and Fig. 8(b) we present dimensionless
group velocity, Wg(kx), for MEMPs shown in Fig. 7(a)
and Fig. 7(b), at the long-wavelength region 0.1 ≥ kxd >
0. In addition, in Fig. 9(a) and Fig. 9(b) we present Wg,
for MEMPs shown in Fig. 7(a) and Fig. 7(b), at a wide
region 1.0 ≥ kxd > 0.
2. Magnetic edge magnetoplasmons for Bext < 0, M0 < 0
In Figs. 2 - 9 we have studied MEMPs for Bext > 0,
M0 > 0 which give v0 > 0 and B0 > 0 for all these figures.
If we change the sign of Bext and M0 on negative then
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Figure 7: (Color online) Dimensionless phase velocity W as
function of kxd at a wide region 1.0 ≥ kxd > 0 for parameters
of Fig. 6. Figs. 7(a) and 7(b) show four fastest MEMPs
among the modes with the negative and the positive chirality,
respectively.
v0 and B0 also become negative. Further, it is seen that
we again arrive to the same Figs. 2 - 9, however, now
W = ω/v0kx > 0 due to v0 < 0 will correspond to the
negative chirality (as here ω/kx < 0) and W < 0 will
correspond to the positive chirality (as here ω/kx > 0).
B. Effect of a hysteresis. Magnetic edge
magnetoplasmons for Bext < 0, M0 > 0 and Bext > 0,
M0 < 0.
Fig. 10 is plotted for the same positive M0, η = 1.0,
and |Bext| as Fig. 2, however, here Bext < 0 and, re-
spectively, 2M0/Bext = −0.5. For Bext = −0.6T this
implies that M0 = B
2
ext/(4B0) = 3/20T for B0 = 0.6T.
Point out that v0 and B0 in Fig. 10 have the same posi-
tive values as in Fig. 2. In Fig. 10(a) we present the
dispersion relations for dimensionless phase velocities,
W = Wj(kx), of four fastest MEMP modes |W (n)1 | >
|W (n)2 | > ... > |W (n)4 | with the negative chirality, W < 0,
and of four fastest MEMP modes with the positive chiral-
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Figure 8: (Color online) Dimensionless group velocity Wg as
function of kxd at a long-wavelength region 0.1 ≥ kxd > 0 for
the eight waves of Fig. 6
ity, W
(p)
1 > W
(p)
2 > ... > W
(p)
4 > 0 at a long-wavelength
region kxd  1. Fig. 10(b) presents a zoom of the dis-
persion relation W
(n)
1 (kx) ≈ 0.50 kxd− 1.373. According
to Fig. 10(a), the rest MEMPs of the negative chirality
have negligible spatial dispersion in the long-wavelength
region. Fig. 10(c) presents a zoom of the dispersion re-
lation W
(p)
1 (kx) ≈ −1.59 kxd+ 0.494 ; it is much steeper
than in Fig. 10(b). From comparison of Fig. 10(b) and
Fig. 10(c) with Figs. 2(b), 2(c) it is seen that the velocity
of the fastest MEMP with the negative chirality (W < 0)
only weakly decreases, about 3%, for a reversed sign of
Bext as the velocity of the fastest MEMP with the posi-
tive chirality decreases much stronger, more than 30%.
In Fig. 11 dimensionless phase velocity W is plotted
for a wider region of kxd than in Fig. 10; parameters are
the same as in Fig. 10. In Fig. 11(b) two anti-crossings
for phase velocities are clearly seen for kxd < 0.3: one at
kxd ≈ 0.1 and another at kxd ≈ 0.2.
In Figs. 10 - 11 we have studied MEMPs for Bext < 0,
M0 > 0 which give v0 > 0, B0 > 0, and 2M0/Bext =
−0.5 for these figures. If we change the sign of Bext
on positive and and the sign of M0 on negative then
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Figure 9: (Color online) Dimensionless group velocity Wg as
function of kxd at 1.0 ≥ kxd > 0 for parameters of Fig. 6.
Fig. 9(a) and Fig. 9(b) show MEMPs with the negative and
the positive chirality.
both v0 and B0 become negative. Let us assume that the
absolute values of parameters are the same as in Figs.
10 - 11. Then it is seen that we will obtain the same
Figs. 10 - 11, however, where now W = ω/v0kx > 0
due to v0 < 0 will correspond to the negative chirality
(ω/kx < 0) and W < 0 will correspond to the positive
chirality (ω/kx > 0).
IV. CONCLUDING REMARKS
We have shown that HPMG strongly changes proper-
ties of MEMPs. In particular, they obtained spatial dis-
persion of unconventional form in the long-wavelength
region, kxd ≤ 0.1. Where for two most fast MEMPs the
phase velocities ω
(n,p)
1 (kx)/kx ≈ (an,pkx + bn,p). In a
wider region 1 ≥ kxd ≥ 0 the phase velocity of most fast
MEMP (with the negative chirality, W (n) < 0, bn < 0)
still rather closely follow the same linear behaviour,
ω
(n)
1 (kx)/kx ≈ (ankx + bn), e.g., see Figs. 3(a), 7(a),
11(a). However, the phase velocity of second most fast
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Figure 10: (Color online) Dimensionless phase velocity W =
ω/kxv0 as function of kxd at a long-wavelength region 0.1 ≥
kxd > 0 for η = 1, 2M0/Bext = −0.5, Bext = −0.6T, v0 > 0.
Figs. 10(a), 10(b), and 10(c) show: (a) four fastest MEMPs
among the modes with the positive (negative) chirality, (b)
zoom for the fastest MEMP with the negative chirality, and
(c) zoom for the fastest MEMP with the positive chirality.
MEMP (with the positive chirality, W (p) > 0, bp > 0) for
1 ≥ kxd ≥ 0.1 shows behaviour of ω(p)1 (kx)/kx essentially
different from ≈ (apkx + bp), e.g., see Figs. 3(b), 7(b),
11(b).
Point out, two most fast MEMPs ω
(n,p)
1 (kx) propagate
in opposite directions along the magnetic edge, with a
strong overlap and localization of their spatial structures
at the edge region. Then appearance of essential imper-
fections (e.g., they can be created on purpose) at the ends
of a segment of length Λx along the magnetic edge will
create a coupling at these ends between both MEMPs
and at some resonance frequency ωr a closed wave path
within the section Λx. If the phase shift due to reflection
at the ends of the section is negligible and the wave vec-
tors k
(n),(p)
x > 0 are so small that ωr ≈ |bn|k(n)x = bpk(p)x
then from (k
(n)
x + k
(p)
x )Λx = 2piN , with N = 1, 2, ..., we
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Figure 11: (Color online) Dimensionless phase velocity W as
function of kxd at a wide region 1.0 ≥ kxd > 0 for parameters
of Fig. 10. Figs. 11(a) and 11(b) show four fastest MEMPs
among the modes with the negative and the positive chirality,
respectively. In Fig. 11(b) three anti-crossings are seen.
obtain that
k(n)x =
bp
|bn|k
(p)
x =
2piNbp
Λx(|bn|+ bp) . (15)
In our model, see Fig. 1, we assume that HPMG is
given by the half-plane metallic nonmagnetic film of neg-
ligible thickness, (y < 0, z = d), and that 2DES is em-
bedded in GaAs based sample. Notice, for a real experi-
mental setup a finite thickness of HPMG can be treated
as negligible if it is much smaller than d, and ηd. Be-
sides HPMG and the plane of 2DES the rest of space we
assume as a dielectric background with spatially homoge-
neous (and real) dielectric constant ε; i.e., the ferromag-
netic semi-infinite film is a dielectric one with dielectric
constant ε ≈ 12.5. Point out, such ferromagnetic materi-
als as ferrite or ceramic magnets can show both dielectric
and ferromagnetic properties similar to ones assumed in
present study.
In addition, the properties of MEMPs for the present
model, at η ≤ 1 (especially for η  1), should be similar
to the properties of MEMPs of more easily experimen-
tally realised setup with the ferromagnetic semi-infinite
9film, as in Fig. 1, that is also metallic and placed on a top
of GaAs sample (with the rest of a space filled in, e.g.,
with the dielectric medium with the same dielectric con-
stant as GaAs, except the z = 0 plane of 2DES). In this
case the ferromagnetic semi-infinite film can be made,
e.g., from Dysprosium (Dy) or Permalloy that at liquid
helium temperature T = 4.2K will show necessary ferro-
magnetic properties and, due to their metallic behaviour,
well approximate the effect of HPMG. The decrease of η
between 1 to 0.1 will mainly lead, e.g., to a decrease of
|W (n),(p)1 (kx = 0)| ∝ η; so that for η = 0.1 (other param-
eters are the same as in Fig. 2) it follows W
(n)
1 (kx) =
0.07kxd − 0.210 and W (p)1 (kx) = 0.085 − 0.20kxd. This
decrease of η has minor effect on the spatial structure of
MEMPs or a form of lateral inhomogeneity of the mag-
netic field at the 2DES plane; however, it essentially de-
creases the characteristic amplitude of the latter modula-
tion; the latter decrease becomes ∝ η. for η2  1. Point
out for 2DES with the density nI ≈ 2×1011cm−2 in GaAs
based heterostructure at T = 4.2K usually the mobility
u = |e|τ/m∗ ≈ 106cm2/V s. Then the condition of the
strong magnetic field ωc(y)τ  1 gives |B(y)|  0.01T;
in addition, from Eq. (1), for η ≤ 2, it follows that this
condition reduces to |Bext|  0.01T.
Present MEMPs are slow, ω/kx  c/
√
ε, potential
waves; as η v0 is a characteristic phase velocity of
the MEMPs, this condition obtains the form B2ext 
4η|e|nIM0/
√
ε. In addition, the results reported in this
work, for kxd ≤ 1, assume that v0  ωc(y)d and a strong
magnetic moment, 2|e|M0/m∗c ω · kxd.
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Appendix A: Matrix elements
I(1)mn =
pi
2
∫ 1
0
dX cos(mpiX)
∫ 1
0
dX ′
[
cos(npiX ′)− 1
2
δn,0
]
×
[
1 + η
1 + η(2 + η) cos2(piX ′/2)
− 1
]
{f0(X ′) [∆ϕ(kx, X,X ′)
+∆ϕ(kx,−X,X ′)] + f0(−X ′)
× [∆ϕ(kx, X,−X ′) + ∆ϕ(kx,−X,−X ′)]} , (A1)
where m ≤ N0, n ≤ N0;
I(2)mn =
pi
2
∫ 1
0
dX sin [(m−N0)piX]
∫ 1
0
dX ′ [cos(npiX ′)
−1
2
δn,0
] [
1 + η
1 + η(2 + η) cos2(piX ′/2)
− 1
]
{f0(X ′)
× [∆ϕ(kx, X,X ′)−∆ϕ(kx,−X,X ′)] + f0(−X ′)
× [∆ϕ(kx, X,−X ′)−∆ϕ(kx,−X,−X ′)]} , (A2)
where m ≥ N0 + 1, n ≤ N0;
I(3)mn =
pi
2
∫ 1
0
dX cos(mpiX)
∫ 1
0
dX ′ sin [(n−N0)piX ′]
×
[
1 + η
1 + η(2 + η) cos2(piX ′/2)
− 1
]
{f0(X ′) [∆ϕ(kx, X,X ′)
+∆ϕ(kx,−X,X ′)]− f0(−X ′)
× [∆ϕ(kx, X,−X ′) + ∆ϕ(kx,−X,−X ′)]} , (A3)
where m ≤ N0, n ≥ N0 + 1;
I(4)mn =
pi
2
∫ 1
0
dX sin [(m−N0)piX]
∫ 1
0
dX ′ sin [(n−N0)piX ′]
×
[
1 + η
1 + η(2 + η) cos2(piX ′/2)
− 1
]
{f0(X ′) [∆ϕ(kx, X,X ′)
−∆ϕ(kx,−X,X ′)]− f0(−X ′)
× [∆ϕ(kx, X,−X ′)−∆ϕ(kx,−X,−X ′)]} , (A4)
where m ≥ N0 + 1, n ≥ N0 + 1.
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